We consider a U(1) × U(1) Electric-Magnetic theory with minimal coupling between both gauge fields A and C. We consider two possible mechanism of symmetry breaking that generate generalized Proca masses for the gauge field A. By considering a vacuum-expectation-value for the C field in the full U(1) × U(1) theory we obtain both a mass term and a vacuum current. By considering the broken electric theory U(1) we obtain a remaining free field on the solution for C, upon a vev to this remaining field we obtain only a mass term. The interpretation for the vev is given in terms of constant currents and holonomy cycles of the underlying space manifold. The number of degrees of freedom before and after gauge symmetry breaking are discussed, similarly to Schwinger and Anderson we consider the gauge freedom to constitute degrees of freedom that upon gauge symmetry breaking by non trivial vacuum currents hold three massive photons.
Introduction
Mass generation has been for a long term addressed in several ways and is usually associated with some sort of symmetry breaking, very commonly with gauge symmetry breaking. The well known Higgs mechanism [1] breaks gauge symmetry trough the breaking of the vacuum symmetry of an intermediate boson field, maintaining the theory renormalizable. This mechanism has been originally applied to superconductivity by Landau and Ginzburg [2] where the intermediate boson is not a fundamental field but an effective field interpreted as the many-particle wave function. However in particle physics it raises some problems, besides that there is no experimental evidence of its existence, its contribution to the cosmological constant are huge when compared with experimental bounds [3] . Other mechanisms of mass generation exist. For Non-Abelian theories we have Technicolor [4] where masses are generated by intermediate particles (pions) due to a second strong coupling gauge sector. For Abelian theories Anderson [5, 6] showed that a non-local vacuum current generates masses for the photons breaking the gauge symmetry. This mechanism have successfully been applied to superconductivity and plasma physics rendering effective Proca masses [7] for the photons.
After Dirac work on magnetic monopoles [8] and respective formulation using two gauge fields [9] we consider two gauge sectors that constitute a U(1) × U(1) gauge theory with gauge fields A and C that describes electromagnetism with both electric and magnetic monopoles [10] . Due to Dirac quantization condition [8] the second gauge sector is in a strong coupling regime and demanding the existence of only one electric and one magnetic field it constitutes a ghost sector such that the kinetic terms have the opposite signal. We show that, upon minimally coupling between both sectors, the weak coupling field A acquires a mass due to the a nontrivial vacuum-expectation-value (vev) for the strong coupling C field. Our construction is similar to Technicolor [4] (for Abelian theories) in the sense that the masses are due to the existence of a strong coupling sector and can be related to the works of Anderson [6] and Schwinger [5] in the sense that the masses can be effectively described by non-local vacuum currents.
So our main motivation is to build a mass generation mechanism for Abelian theories based on a second strong coupling ghost sector. Also giving a physical interpretation at classical level to the ghost sector is a good feature of our construction because it solves the problem of the existence of negative energy states upon quantization.
The Original Bare Action and Effective Electric Theory
We consider the 3 + 1-dimensional gauge action for U(1) × U(1) electromagnetism with two gauge fields [10, 11] in the presence of only electric current densities
where
being A and C the gauge fields corresponding to each of the two U(1) gauge groups. A is a vector while C is a pseudo-vector under the discrete symmetries P and T . The fieldC does not constitutes a new gauge field and is related to the gauge fieldC trough the differential equation [ 
The coupling constants e and g are respectively the electric and magnetic coupling constants and are related either by the Dirac condition [8]
or by the stronger t'Hooft-Polyakov condition [12, 13] eg = n n ∈ N .
This action is gauge invariant under both group gauge transformations
We note here that under P and T , Λ A is a scalar, while Λ C is a pseudo-scalar.
Let us assume that for the physics that we are going to describe the following conditions are true:
1. we have no magnetic charges present;
2. our A fields are regular;
3. we consider the Lorentz condition for the A field ∂ µ A µ = 0 such that the degree of freedom corresponding to the gauge transformations is encoded in the field Λ obeying the condition (∂ 2 0 − ∇ 2 )Λ = 0.
For regular C fields and the above assumptions the equations of motion corresponding to the bare action (1) decouple for both gauge fields and we have
and the Bianchi identities hold
where in the first line we used the definition (3) in order to rewrite the Bianchi identities in terms of the fieldC.
For effective electric U(1) theories however we have that the C field is not regular and is expressed as a functional of the A field accordingly to the differential equation [14] ∂
The solutions for this differential equation are very easily expressed in terms of the fieldC asC
wherec µ is a close 1-form (∂ µcν − ∂ νcµ = 0).
Generalized Proca Masses from Minimal Coupling Between Both Gauge Sectors
Although our bare action is gauge invariant under U(1) × U(1) we can generaly assume that each of the two U(1) field transforms also under the other U(1) gauge group. This means that we have to consider that both gauge fields are minimally coupled to each other trough the introduction of a generalized covariant derivative
The reason to useC is simply because D µ must transform as a vector. Also we note that the coupling constants are not present on the covariant derivative because they are explicit in the actions.
Working with the two Unbroken Gauge Sectors
Using the covariant derivative in the definition of the gauge connections we obtain that
Rewriting the original action in terms ofF andḠ we obtain the Lagrangean
where we omitted the electric current term.
The new three terms of the second line read in terms of the gauge fields
Integrating by parts the first term, together with the third term we obtain a generalized mass term 4A µ M µν A ν with the mass matrix given by
The second term gives a vacuum current term
In order to interpret this expression as a current for the fields A that preserves the corresponding U(1) gauge invariance we need to ensure that J vac is divergentless, i.e. it must obey the continuity equation
This corresponds simply to
where we used the definition ofC (3) and the identity ǫ µναβ ǫ µνδρ = −2(δ α δ δ β ρ − δ α ρ δ β δ ) in order to rewrite the second term (G µν G µν = −G µνG µν ). The first term is null due to the Bianchi identities, so we are left only with the condition that
For configuration obeying these condition we obtain that the gauge field is only present in the action trough the current terms. Therefore we obtain the effective action
So we conclude that upon minimally coupling both gauge sectors and working with the two unbroken sectors (i.e. U(1) × U(1)) we obtain a generalized mass term for the gauge fields (potential vectors) plus a vacuum current.
There is an important remark concerning our construction, the Lagrangean (12) is written in terms of the fieldC, however we note that the physical degrees of freedom are encoded in the field C. The map betweenC and C is singular in the sense that a regular field C holds a non-regular fieldC. So although we are allowed to algebraically write the action in terms of theC field one should recall these details, in particular that a variation of the action with respect to the physical degrees of freedom cannot directly be carried out. Also linked to this discussion we note that a local and large gauge transformations reads now
For regular gauge transformations the minimal coupling is irelevant. Therefore only for non-trivial configurations it is relevant. We will return to this point later in the article.
Working with the Broken Electric Theory
In the broken electric phase we have that equations (8) and (9) hold such that our bare Lagrangean reduces to [10] 
and we are back to standard U(1) Maxwell theory.
However due to equation (9) we still have a remaining dependence of the fieldc µ in the definition of the covariant derivative and the tensor I
where we use the subscript (e) to distinguish between the unbroken theory and the electric effective theory.
Using as before the covariant derivative we obtain the modified Lagrangean
where the two additional terms are given by
These two terms constitute again a generalised mass term
We obtain the effective action
In this case we have no vacuum current, this is due to a total breaking of the U(1) × U(1) symmetry that we discuss below.
Symmetry breaking and Conclusion

Full Electric-Magnetic Unbroken Theory
The effective action (19) is still gauge invariant under the full group U(1) × U(1) by construction, the mass and vacuum current are however gauge dependent: so far we have not gauge fix in any way. This construction may be useful for physical system that exhibit explicit dependence on the gauge fields as in the Aharonov-Bohm phases [15] or Berry phases [16] .
As for the degrees of freedom we start from a unbroken theory with 2 + 2 = 4 massless degrees of freedom (the four physical photons of each U(1) sectors) plus the 1 + 1 = 2 degrees of freedom from gauge invariance. Therefore overall we have originally 6 degrees of freedom. which in generic terms we can still play around with, we will not fully explore all theoretical possibilities here. Following [5, 6] one possible construction is to completely break the gauge symmetry. In order to achieve it we consider a fixed vev for C that completely breaks the magnetic gauge symmetry. We are still left with 2 + 1 = 3 degrees of freedom from the A field which constitutes for M µν = 0 the two massive transverse photons plus the massive longitudinal photon such that computing the equations of motion for the effective Lagrangean (19) we obtain a generalized Proca equation with a vacuum current
Other construction could be considered, for example the usual gauge fixing procedure, e.g. choosing Lorentz gauge for the C field: ∂ µ C µ = 0. It is also relevant to note that the vacuum current does not necessarily break the electric gauge symmetry (for the field A), we could generally consider a symmetry breaking U(1) × U(1) → U(1) that holds M µν = 0. In this case we would need to further gauge fix the A sector obtaining only two massless transverse photons. Alternatively we could disregard the continuity equation (17) such that the vacuum current does break gauge symmetry, we are not further developing these cases here.
Electric Theory
As for the effective electric action (26) our construction holds only a mass term for A. We note that the fieldc in (9) is gauge independent with respect to magnetic gauge transformations C µ → C µ + ∂ µ Λ C but can generally be absorbed by a electric gauge transformation
as long as the Lorentz condition is obeyed ∂ µc µ = 0. By considering the solution (8) we reduce the full 6 degrees to 2 + 1 of the electric sector because the magnetic sector degrees of freedom are no longer independent degrees of freedom [14] . Then by considering a non-trivial vev forc ∂ µc µ = 0 (29)
we break the remaining electric gauge symmetry, therefore obtaining two massive transverse photons and one massive longitudinal photon. Computing the equations of motion for the effective Lagrangean (19) we obtain a generalized Proca equation
An interesting feature of our construction is that we may generally give different masses to each of the photons, this is already considered in the work of Anderson [6] where the transverse and longitudinal photons have different masses. The authors develop in [17] such mechanism applied to unmagnetized plasmas.
Vaccum Expectation Values, Non-Local Current Densities and Gauge Fixing
In order to break the U(1) × U(1) theory we considered the solution (9) . Non-trivial solutions forc field obeying (29) allow to generalize the results of [14] for non-local electric current densities. Consider an Hodge decomposition of electric current densities
where c µ e stands for the constant part (or part dependent on the holonomy of the underlying manifold). Then the equations (11) of [14] are supplemented by
As already explained as long as ∂ µc µ = 0 we break the gauge symmetry and generate a vev forc µ . We note that we could also interpret the solution forc as a non-trivial gauge transformation for the A field that absorbs j µ 0,e obeying
Unfortunately this is clear not possible because, for a constant j 0,e , we would need an infinite number of discontinuities in the Λ 0 .
In terms of large gauge transformations we have
which do allow for possible solutions. Also as long as ∂ µ (V † ∂ µ V ) = 0 we do break (or equivalently fix) the remaining gauge symmetry.
We have already enough information to specify what the values of ∂ µc µ . In order to achive it it is enough to perform the integrals of j µ 0,e around the holonomy cycles γ i of the underlying manifold
We note that for genus 0 spaces and infinite flat spaces with out punctures or vertex insertions this value is necessarily null. However bounded flat spaces do allow for such construction depending on the physical boundary conditions.
In terms of large gauge transformations we have that the value of ∂ µc µ , ∂ µcν andc
where we discarted a integration by parts term
. This term is a total derivative not lying in the holonomy cycle we are considering, as long as only one holonomy cycle is considered it is indeed null, however for generic topologies one should take extra care. We are no further discussing this topic here.
It is very interesting that the vev of thec field is interpreted as a reaction to the electric currents which is similar to the constructions of Schwinger [5] and Anderson [6] in superconductivity and plasmas. We note that in these original works the mass is generated by the breaking of gauge symmetry such that we start from some unbroken theory with 2 massless degrees of freedom (the two transverse photons) plus 1 gauge degree of freedom (the gauge parameter does constitute an hidden degree of freedom in a gauge invariant theory) that after breaking gauge symmetry trough vacuum currents hold 3 massive degrees of freedom (the two transverse photons plus the longitudinal photon, also known as plasmon). Here we do have the same mechanism using an intermediate gauge field, so our mechanism does have some similarities with Technicolor [4] , here for Abelian theories. Similar mechanisms using fermion propagators is considered in [18] and 4D Chern-Simons is considered in [19] . The authors apply the mechanism described here to unmagnetized plasmas in [17] .
Another interesting direction of research [20] is to consider Wilson lines along some holonomy cycles as in [21] . In this setup one may consider some sort of condensation mechanism of the ghost sector [22] .
